The Wess-Zumino consistency condition allows more exotic forms of anomalies than those we usually encounter. For example in two-dimensional conformal field theories in the curved background with space-time dependent coupling constant
Introduction
Anomalies 1 in quantum field theories are constrained from their algebraic structures given by the Wess-Zumino consistency condition [1] , which demands that the symmetry transformation is integrable. One elegant solution of the Wess-Zumino consistency condition is given by solving the descent equation and relating it to the higher-dimensional anomaly polynomial [2] . It has a beautiful geometric realization as well as physical realization by the so-called symmetry-protected-topological phases of matter. In addition, the Wess-Zumino consistency condition for the Weyl anomaly together with the local renormalization group gives non-trivial constraint on the renormalization group flow, and has attracted a lot of attentions over years [3] [4] [5] . Moreover the effective field theory realization of the Weyl anomaly is a starting point of the proof of the a-theorem [6] and discussions on the equivalence between scale invariance and conformal invariance in four-dimensions [7] [8] . See e.g. [9] for a review.
We, however, note that the there are more solutions to the Wess-Zumino consistency conditions than those obtained from the anomaly polynomials. For instance, let us consider four-dimensional field theories with the anomalous conservation of the U(1) current under the presence of (the other) background U(1) gauge fields A µ with the field strength F µν . In addition to the conventional Adler-Bell-Jackiw anomaly [10] [11]
we could have the additional (non-conventional) structure of the form
We can easily see that the both forms of anomaly are allowed by the Wess-Zumino consistency conditions although the usual descent formalism from the higher dimensional anomaly polynomial does not give the second term. 2 Is there any theoretical principle that the second form does not appear possibly in CP violating theories? Of course, with a 1 In this paper, we define the anomaly as c−number violation of the conservation law under the presence of the non-trivial background field that cannot be removed by adding local c-number counterterms. 2 In contrast, in the case of the non-Abelian anomaly (i.e. the violation of D µ J a µ = 0), the WessZumino consistency condition is strong enough to fix the form of the anomaly in the conventional form up to an overall factor.
given Lagrangian theory, one may argue its absence by perturbative discussions similarly to the Adler-Bardeen theorem [12] , and the usual argument goes as follows. Suppose the theory under consideration is defined as an asymptotic free theory. Then we may use t'Hooft anomaly matching argument to evaluate the anomaly in the ultraviolet theory, but it is just fixed by the one-loop diagram. Beyond the perturbation theory or especially in the non-Lagrangian theories, we might wonder what would be the fundamental obstructions.
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If there were such anomalies, we might achieve more intrinsic classifications of (possibly CP violating) quantum field theories. They might give further constraint on the renormalization group from the analogue of the 't Hooft anomaly matching. For example, if such theories exist, they cannot be gapped. They might have particle physics applications as we had in the π 0 → 2γ decay in the ordinary chiral anomaly.
On the other hand, as we will discuss in the main part of the paper, there is an argument that these anomalies cannot be realized in conformal field theories. The main point of the argument is that if there existed such terms in the anomaly, there must exist a corresponding three-point function J µ J ν J ρ which reduces to (2) after taking the divergence. The analysis of the conformal symmetry, however, tells that such a (unregularized) three-point function supported at the non-coincident point does not exist and hence it is impossible. The argument sounds convincing but slightly mysterious.
Certainly the anomalous current conservation law itself is Weyl invariant and there is no violation of the Wess-Zumino consistency condition either for the U(1) symmetry or the Weyl transformation. Then what is the underlying conceptual reason why these terms are not allowed? In other words, how can we evade the totalitarian principle of Gell-Mann:
"Everything not forbidden is compulsory."?
In this paper, we call these anomalies as "impossible anomalies" and study the properties and possible realizations. On one hand, the impossible anomalies look perfectly healthy and consistent but on the other hand, it seems that they are not compatible with the conformal symmetry in their actual realizations. Our goal it to try to resolve this dilemma in two different ways. In both cases, we find that the no-go argument above may be a red herring. In the first case discussed in section 2, we show that the no-go argument can be avoided by realizing the current operators may not be primary operators. In the second case discussed in section 3, we show that the no-go argument can be circumvented by realizing the anomalous correlation functions can be only semi-local as is the case with the conformally invariant Green-Schwartz mechanism. We conclude the paper with discussions in section 4.
Realizing impossible anomalies from descendants
In this section, we study the first mechanism to avoid the no-go argument for impossible anomalies. The main idea is to relax the condition that the current operator is a primary operator. In fact, the idea itself is ubiquitous and quite commonly observed in twodimensional conformal field theories, so we begin with our analysis in two-dimensions.
We study a two-dimensional conformal field theory with conserved U(1) currents J V µ and J A µ . Here superscript V stands for the vector current whose left-mover is J and whose right mover isJ, and A stands for the axial current whose left-mover is J and whose right mover is −J. Let us put the theory in the curved space-time with the Ricci scalar given by R. The U(1) current may be anomalous in the curved background, and we consider the possible anomaly of the form
where · · · means the other anomaly terms that we will not discuss for now.
This anomaly term is allowed in the sense of the Wess-Zumino consistency condition.
Indeed, the Wess-Zumino consistency condition does not say much about the possible form of the U(1) current anomaly. The commutative nature of the U(1) anomaly
] under the gauge transformation δA µ (x) = ∂ µ λ(x) for the background gauge field A µ (x) that couples with J V µ , it must satisfy the algebraic constraint
This condition, however, is trivially true when the anomalous variation is gauge invariant as in (3)
Therefore the anomaly of the form (3) is integrable and perfectly healthy in this sense.
However, a closer inspection might indicate that such an anomaly cannot exist in conformal field theories from the following argument. Suppose the anomaly is realized as in (3) . Then it must be visible from the study of the two-point functions of the energymomentum tensor T µν and the current J µ . More precisely, it should be related to the two-point function
where we have introduced the complex coordinate z = x 1 + ix 2 and holomorphic tensors T = T zz and J = J z as usual in two-dimensional conformal field theory. Indeed the divergence gives the anomalous conservation
from the formula∂ 1 z = 2πδ (2) (z,z), which is equivalent to (3).
On the other hand, if we assume that T and J are (quasi-)primary operators, we immediately realize that the conformal invariance demands that the two-point functions between primary operators of different twists ∆ ± J vanish. Since T and J have different twists, we conclude α = 0 in conformal field theories. As a matter of fact, the anomaly equation (3) itself may not look Weyl invariant from the beginning because the Ricci scalar has the non-trivial Weyl transformation R → e −2σ (R − 2✷σ), and does not seem to make sense in conformal field theories. We will come back to this point later after
showing how to circumvent this no-go argument.
Nevertheless, we actually know that such anomalies do exist. For example, if we study the string worldsheet theory, the ghost number conservation is anomalous and indeed it has the same form as in (3) (see e.g. [13] ]). The above no-go argument is avoided because the ghost number current is not a primary operator. In unitary conformal field theories, conserved current operators are necessarily primary operators, but it is not the case here.
Actually, the situation is more generic. Let us consider any two-dimensional conformal field theories with U(1) current algebra with the standard operator product expansion (OPE):
For simplicity, we assume that the theory is left-right symmetric so that the right mover with (T ,J) has the same OPE with z replaced byz.
Let us now define the twisted energy-momentum operator bỹ
or equivalently, we modify the coupling to the background metric by
where w is the spin connection.
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Then one can immediately see that the two-point functions have the form
This means that the U(1) current under consideration realizes the impossible anomaly once we couple the theory to the background curvature through the twisted energymomentum tensorT rather than T . We note that a priori there is no preferred choices of α for the energy-momentum tensor in two-dimensions: they are all traceless and conserved (unlike in the other dimensions where the trace becomes non-zero by the twist). For example, in the ghost number current, the particular α is chosen from the other principle of the physics (e.g. worldsheet BRST symmetry). The same is true in the case of topological 4 At this point, we might be tempted to say that these are not really anomalies because we can change them by adding local operator dependent counter-terms, and indeed this is the case. We, however, defined our anomalies as those which we cannot remove by introducing the local c-number counter-terms. We could take the former viewpoint and then the ghost number anomaly is not an anomaly (contrary to the common use of the terminology). Of course, if we removed the ghost number anomaly in this way, then the worldsheet BRST symmetry is lost.
twist inĉ = 3 superconformal field theories. Whether we prefer the topologically twisted energy-momentum tensor to the untwisted energy-momentum tensor simply depends on the problem we would like to study.
At the same time, from the same two-point function, we see that the energy-momentum tensor has the Weyl anomalỹ
under the presence of the background axial U(1) curvature F A µν . This gives the reciprocal relation between the impossible U(1) current anomaly and the impossible Weyl anomaly.
This Weyl anomaly has a tantalizing physical interpretation. Suppose we want to gauge the axial current in two-dimensional conformal field theories. The gauging would introduce the non-trivial beta functions for the gauge field strength. The Weyl anomaly (12) indeed suggests that the U(1) theta angle acquires the "one-loop" beta function, but the point is that the coefficient is unfixed unless we specify how the theory couples to the background metric. In other words, the beta function for the U(1) theta angle is completely arbitrary from the viewpoint of the flat space theory unless other principles of physics are introduced.
One caveat of this construction is that the resulting theory has the non-unitary interpretation. To see this, the twisted OPE is equivalent to the commutation relation
which is the manifestation of the fact that J is not a conformal primary, but at the same time, the vacuum expectation values of the right hand side does not seem vanish while the left hand side does if we assume that vacuum is annihilated byL 1 . Therefore, we do not have the unitary field theory interpretation of the impossible anomalies in this construction. At the same time this commutation relation makes it manifest that J µ is not a primary operator, 5 and this is how the anomalous conservation law (3) is actually conformally covariant. Indeed, if we naively apply the the Wess-Zumino consistency condition for the mixed U(1) transformation and the Weyl transformation, it appears to fail if we assume that Weyl transformation and the U(1) transformation commute. Naively, the U(1) transformation of the Weyl anomaly is zero while the Weyl transformation of the U(1) anomaly is nonzero. However, the commutation relation (13) actually states that they do no commute and the anomaly is consistent, which is obviously the case since we can construct examples.
Let us study three examples. The fist example is the (twisted) free fermion also known as the bc ghost system. As we already mentioned, the word-sheet ghost number current is an example of impossible anomalies. Let us consider the free Dirac fermion
The standard choice of the spin connection in D µ = ∂ µ + ω µ ± A µ defines the spin 1/2 free fermion, but one can twist the fermion to have different spin connection. The twisted energy momentum tensor and U(1) current are given by
The worldsheet ghost system is realized at α = . The fermion number is anomalous:
The second example is the twisted free boson (also known as linear dilaton or Liouville theory):
One may regard it as the bosonized version of the first example. Here J = √ k∂φ and J = √ k∂φ, and note that the two-point function of the current is normalized with an extra negative sign.
The advantage of this model is that we can reproduce the anomaly from the classical analysis
when A V µ = 0 (up to O(1) quantum correction). In this sense, the twisted boson gives the Wess-Zumino effective action for the (impossible) anomalies. However, note that this action not only reproduces the anomalous correlation functions, but also the nonanomalous correlation functions supported on non-coincident point, so one may regard it as a bona-fide quantum field theory with impossible anomalies. This is a generalization of that the Liouville action or non-local Polyakov action gives the effective action for the local as well as non-local Weyl anomaly in two-dimensions. As we will see, the discussions are more subtle in higher dimensions because local terms and non-local terms may have different origins.
Our third example is the holographic realization of the impossible anomaly. We can realize the impossible anomaly in the holographic bulk gravity in 1 + 2 dimension with the holographic topological twist. The minimal setup is to realize the three-dimensional gravity as the SL(2, R) × SL(2, R) Chern-Simons theory [14] and realize the U(1) current sector by the SU(1) × U(1) Chern-Simons theory with the action
To realize the topological twist, we simply replace
The impossible anomaly is manifest in the boundary term in the bulk gauge transformation B → dΛ. We also see that there is a off-diagonal two-point function of T and J through the kinetic term A 3 dB.
Realizing impossible anomalies from semi-local term
Another way to realize impossible anomalies is based on the semi-local terms in the correlation functions, which should be distinguished from the one in the previous section in which we had the direct implication of the impossible anomalies in non-local correlation functions supported at non-coincident points. 6 To illustrate the idea, we again begin with the two-dimensions.
Let us consider a two-dimensional conformal field theory with marginal coupling constants λ i , which couples with the operator O i , and the U(1) current J µ . Let us then consider the possibility to realize the current anomaly of the following form
Here we have promoted the coupling constants λ i to be space-time dependent background scalar field. We can easily see that they satisfy the Wess-Zumino consistency condition by assuming λ i are not charged under the U(1) symmetry associated with the current J µ .
Since they are consistent, how can we realize them?
As in the previous section, we can again propose the following no-go argument. Suppose that χ ij andχ ij are non-zero. Then, we must be able to see it from the three-point
. However, we know that the conformal invariance completely fixes the (unregularized) three-point functions at non-coincident points in twodimensional conformal field theory [20] as
Taking the derivative with respect tox, we see that it satisfies the non-anomalous WardTakahashi identities;
indicating c ij are charges of operator O i and O j (denoted by q i and q j in the WardTakahashi identity). At this point, one might conclude that the anomaly of (20) is impossible. The semi-local term appearing in (22) is the non-anomalous contribution, and it has nothing to do with the anomaly (20) . In particular, when O i and O j are not charged, then the three-point functions at non-coincident point vanish due to the conformal invariance. How can we get anything from zero?
On the other hand, it seems that we may realize such anomalies by mimicking the free boson construction in the previous section. Let us consider the free bosonic action
and we study the anomalous divergence of the vector current J µ = ∂ µ φ, which is conserved when λ = const. As is the case with the previous section, one may easily see that it shows the anomaly through the classical equations of motion:
realizing the impossible anomaly. This construction shows explicitly that the Wess- 
In this expression, it is not difficult to check that the three-point function is indeed conformal invariant but semi-local, where the support is localized at z = y with arbitrary x. 7 We also note that the structure is intrinsically different from (21) , and the anomalous term should have different origins than the regularization ambiguities in (21) .
In momentum space (where we are not careful about the overall factors), we have
and it reproduces the anomalous divergence that we have anticipated:
Note again this is different from the non-anomalous divergence in the momentum space
which gives the non-anomalous Ward-Takahashi identity. Note that the anomalous divergence in (27) is completely local while the non-anomalous divergence in (28) is still 7 Under the infinitesimal special conformal transformation
semi-local. Therefore, we may be able to construct the model of impossible anomaly but only in the semi-local terms. The existence of the anomaly is not explained by the non-anomalous part of the correlation function but is fixed by some other means.
The similar construction is available for the four-dimensional impossible anomaly of the form that we began with:
Assuming that the current J µ is a conserved primary operator, one may again argue that there is no conformally invariant three-point function at non-coincident point that shows the structure of the impossible anomaly. This is in accord with the observation that the
ρ vanishes in conformal field theories unless there is a totally antisymmetric structure constant f abc [21] .
To be more precise, the conformal invariance and the current conservation at the non-coincident point demands that the CP even part of the three-point function of the current operators at the non-coincident point must be given by a combination of the two independent terms [22] [23]
where D sym µνρ (x, y, z) and C sym µνρ (x, y, z) are permutation odd tensor functions constructed out of
by symmetrization
Since the three-point function is permutation invariant, the coefficient k abc 1 and k abc 2 must be permutation-odd. To fix these coefficients, we note that when we compute the divergence of (30), we find contact terms from D sym µνρ (x, y, z). These contact terms at the coincident point has the interpretation that J b is charged under J a and the symmetry group is actually non-Abelian. Then the coefficient k is permutation odd anyway, it does not directly give rise to our anomaly because our anomaly is permutation even in b and c. In this way, we may conclude that the conformal symmetry does not allow the impossible anomalies of the form (29) .
However, one may still realize the anomaly in the semi-local terms. Indeed, one may consider the free boson with the higher derivative conformal action
which may be regarded as a four-dimensional dilaton theory. In order to study the anomalous divergence of the current J B µ = ∂ µ ✷φ, we can compute the conformally invariant semi-local three-point function
with the desired (impossible) anomalous divergence
Alternatively, in the momentum space, we have
which is equivalent to the anomalous conservation (29) . The structure is very similar to the two-dimensional one discussed in this section but quite different from the one discussed in the previous section. The free boson construction only gives rise to the semi-local terms and they are not directly connected to the non-local three-point functions allowed in the conformal field theories.
8 One way to introduce such a term is to consider the holographic bulk theory with the three U (1) gauge fields with the cubic interaction
It is instructive to compare the results here with the one with the more conventional anomaly realized in conformally invariant Green-Schwartz mechanism. Instead of (33),
we consider the higher derivative action
One may regard it as the conformal invariant version of the Wess-Zumino action for the chiral anomaly. Alternatively, one may regard it as the conformal invariant GreenSchwartz action for the U(1) current anomaly.
As before, one can compute the current three-point function as
In the momentum space, it is given by
or its divergence
Note that the semi-local term (39) does not correspond to the local three-point functions that we usually obtain in the (unregularized) triangle diagram
which is known as the only conformally invariant CP-odd three-point functions of conserved current with non-zero support at non-coincident point. Also they are different from the completely local contact term ambiguities in regularizing (41)
that appears in the shifting momentum in the linearly divergent integral.
Nevertheless its anomalous divergence is the same as that we observe in conformal field theories. We therefore can use the semi-local terms to cancel the current anomaly as we do in the Green-Schwartz mechanism. In other words, not accepting the realization of the impossible anomalies by semi-local terms is equivalent to not allowing Green-Schwartz mechanism to cancel anomalies.
In this paper, we have discussed two mechanisms to realize impossible anomalies. Impossible anomalies are defined such that while they satisfy the Wess-Zumino consistency conditions, they do not seem to possess the corresponding flat space conformal correlation functions. One way to circumvent the difficulty is to make the current not primary operators, and the other way to circumvent is to use the semi-local terms in the correlation functions.
There are more impossible anomalies reported in the literature, some of which will be discussed here briefly for future investigations. Consider the two-dimensional Weyl anomaly. With space-time dependent coupling constants λ i , we may have
The manifestation of the Weyl anomaly in the correlation functions is slightly more nontrivial than the one for the current anomaly. In [24] , they argued thatη ij is an example of impossible anomalies. Suppose we have non-zeroη ij , then we should be able to see it from the scale anomaly in the two-point functions O i O j , but there is no such terms simply because ǫ µν p µ p ν = 0, and there is no CP violating two-point functions. In contrast η ij can be directly measured in the two-point functions of
On the other hand, the semi-local terms that correspond to the Weyl anomaly with η ij do exist. The most convenient way to realize it to use the bosonic Liouville-like construction
It is more non-trivial to see how the induced Weyl anomaly affects the correlation functions than the case in the U(1) current anomaly. Instead of computing the insertion of the trace of the energy-momentum tensor directly, let us compute the three-point functions
In the momentum space it is given by the semi-local term
so its divergence gives the contact term
identity of the energy-momentum tensor conservation, so it must be cancelled from the insertion of ∂T µ µ to avoid the gravitational anomaly, which in turn means that the trace of the energy-momentum tensor has the (semi-)local terms in the flat space-time limit.
This is not inconsistent with the dilatation Ward-Takahashi identity because
and as we saw, there is no CP odd term in two-point functions, and the CP odd term in the left hand side is zero from the beginning. Thus the Weyl anomaly here does not correspond to the dilatation anomaly in the two-point function.
The similar construction is possible for the four-dimensional Weyl anomaly. There has been some debates over whether the CP-odd Pontryagin term can appear in the fourdimensional Weyl anomaly [25] [26] [27] . It satisfies the Wess-Zumino consistency condition, but there is no conformally invariant CP-odd three-point functions of T µν T ρσ T αβ supported at non-coincident points. Therefore it is an example of impossible anomalies in our terminology.
Our construction, however, suggests that at least the semi-local correlation functions including the Pontryagin Weyl anomaly exist. To see this, we consider the Riegert-type effective action for the four-dimensional Pontryagin Weyl anomaly given by
where
R✷ is the Fradkin-Tseytlin-Riegert-Paneitz R 2 is the so-called Q-curvature [32] . The classical equations of motion gives the Weyl anomaly
due to the nice conformal properties of Q-curvature:
Q → e −4σ (Q + ∆ 4 σ) .
This effective action does reproduce
reported in [25] [26] in its CP odd part.
The realization of the Weyl anomalies from semi-local terms need further comments.
There has been another debate if the CP even part of the Weyl anomaly can reproduce the flat space conformal three-point functions in this Riegert-type action [33] [34]. Since we do not have the non-coincident three-point functions with CP violation anyway (see e.g. [35] [36]), we are not concerned about this point, but further studies would clarify the role of our effective action in relation to the one-loop computations in [26] . By the same token, the two-point functions of the energy-momentum tensor at the non-coincident point do not depend on Q as observed in [37] while the Weyl anomaly does. This is not a contradiction because the Weyl anomaly is realized by semi-local terms in this model, but we may miss the connection between the energy-momentum tensor central charge C T and the Weyl anomaly.
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The existence of the conformally invariant semi-local terms to realize the impossible Weyl anomaly means that such an anomaly is indeed consistent, which should be contrasted with the inconsistent Weyl anomaly such as R 2 , but we should realize that the above effective realization requires the non-unitary field theories in four-dimensions because of the higher derivative kinetic term. Thus, even if such amplitudes can be found in actual conformal field theories in a certain regularization, we might have to worry about the unitarity of such theories. With this regard, it would be more satisfactory to see if there are more intrinsic problems in these impossible anomalies from the direct studies of correlation functions rather than from a particular realization. 9 In particular, in the Riegert-type action, we can further change the Weyl anomaly coefficient c by adding d 4 x √ gφWeyl 2 as we like while keeping C T fixed.
